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PERIODIC SOLUTIONS OF x" + g(x) + ph(x) = 0

BY

G. J. BUTLER( 1) AND H. I. FREEDMAN(2)

ABSTRACT.   Necessary and sufficient conditions for x" + f(x) = 0 to admit

at least one nontrivial periodic solution are given.   The results are applied to

x" + g(x) + ßh(x) = 0,  x(0) = A, x'(0) = 0 in order to characterize those regions

of the (p., /4)-plane for which nontrivial periodic solutions exist.   A converse
*

theorem is given; together with some illustrative examples.

1. Introduction.   The problem of determining the existence of nontrivial

periodic solutions to the equation

(1) x" + f(x) = ep(t)

has received considerable attention.   In order to investigate this problem, it is

necessary to consider the problem of determining periodic solutions of the corre-

sponding unforced equation

(2) x" + /(x)=0.

The existence of periodic solutions of (2) has been studied, for example, by

Loud [7], Opial [12], Cesari [2] and Utz [l6].

Recently, Maekawa [9] has considered the construction of periodic solutions

of the equation

(3) x" + x + px2 = e cos wt,

with the initial condition x(0) = A (> 0), x'(o) = 0.

In the case that e = 0, he determined that periodic solutions exist if 0 < pA

<Vi.
In the following section, we shall obtain necessary and sufficient conditions

for the existence of periodic solutions of equation (2) under rather general

Presented to the Society, January 17, 1972; received by the editors May 11, 1973 and,

in revised form, September 24, 1973.

AMS (MOS) subject classifications (1970). Primary 34C25.

Key words and phrases. Ordinary differential equation, periodic solution, boundary

curves, admissible sets.

(1) The research for this paper was partially supported by the National Research

Council of Canada, Grant No. NRC-A-8130.

(2) The research for this paper was partially supported by the National Research

Council of Canada, Grant No. NRC-A-4823.

Copyright © 1974, American Mathematical Society

59



60 G. J. BUTLER AND H. I. FREEDMAN

conditions on /.   In §3 we shall apply these results to characterize those points

of the (p, A)-plane for which the initial value problem

(4) x" + g(x) + ph(x) = 0,

x(o) = A, x'(0) = 0, p > 0 has at least one nontrivial periodic solution.

In §4, we state and prove a converse theorem, and in §5 several examples

illustrating our results will be given.

Throughout this paper, the following notation will be used:

F(y) = f* f(u)du,       G(y) = j* g(u)du,       H(y) = f* h(u)du.

(5) <f>(pr y) = G(y) + pH(y).

Further, in what follows, by periodic solution we shall always mean a non-

trivial (i.e. nonconstant) periodic solution.

2. Periodic solutions of x" + f(x) = 0.   The following theorem generalizes

known results (see, for example, [2])..

Theorem 1.   Let f(x)  be locally integrable on (— oo, «).   Then a necessary

and sufficient condition for there to be a periodic solution of (2) is that there

exist real numbers a, ß with  a < ß such that F(a) = F(ß) > F(x) for a < x < ß.

Proof of necessity.   Assume that z(t)  is a periodic solution of (2) with period

a.   The energy equation satisfied by z(/) is

(6) y2z'2 (t) + F(z(t)) = const = E, say.

Let m = min0srSùjz(/),  M = max0stSu¡z(t).   Then m < M.  Let   í. « inf {r: í > 0

and z(t) = m\ and let  <2 = inf U: t > tx   and z(t) = Mi.  We have F(m) = F(m) =

E > F(x) for m < x < M.   Choose tQ with  f, < f0 < í2 such that z'(tQ) > 0.   Let

(t., t.) be the maximal interval / about tn for which z'(r) > 0.   Then t, < t, <
3     4 o 1 —   3

tQ < r4 < r2 and z'(tA = z'(t) = 0.   Defining a to be z(r ), ß = z(tj, the

necessity follows.

Before proving the sufficiency, we require the following lemma, which is

related to Sard's theorem [10], [ll], [14], but does not appear to exist in the

literature in the form in which we need it.

Lemma 1.   Let F(x) £ AC[a, b].   Let C = ly: there exists x £[a, b]  such that

y = F(x), F (x) = Ol (the critical range of F).   Then C has measure zero.

Proof. Define T = Ix: x £[a, b] .and F'(x) = Ol. Let e > 0 be given. Since

E(x) £ AC[a, b], there exists 8 > 0 such that fM\F'(x)\dx <c for any measurable

set M with meas M < 8.   Let /., ¡2,'"> I„ be interior disjoint intervals such
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that TC/=(J^Lj/. and measT>Sn=1   (meas /;.) - S.   Then f,\F'(x)\dx ■■

/r\T| F'(x)\dx < e ( \  denotes complement).   But

f \F'(x)\ dx>Yi max F(x) - min F(x) ) = V
Jl 7=1 W, *«'y        /     fr

meas D.,
;

where D. = [min   ,, F(x), max^ .. F(x)].   However y eC implies that y = F(x)

for some x belonging to some /., and hence y eD. for some ;'.   Thus (J'L.D-

D C, and meas C < e.   Since c > 0 is arbitrary, the lemma follows.

Proof of sufficiency.   Let a< y < ß such that T = F(y) = minr   «i F(x).

Let E0 = F(a) = F(ß) and for T < y < Fn, define £(y)  to be supix: a < x < y

and F(x) = yi and r](y) to be infix: y < x < ß and F(x) = yt.   Then F(Ç(y)) =

F(r/.y)) > F(x) whenever ¿j(y) < x < r/(y).   By Lemma 1, there is a y* with T <

y* < EQ such that for every x for which F(x) = y*, we have F*(x) = /(x) ^ 0.

Define  a* to be £(y*) and ß* to be T](y*).   Then, for a* < x < ß*, we have

F(a*) = F(ß*) > F(x), and, moreover,

(7) F'(a*)F'(ß*) = f(a*)f(ß*)^0.

Furthermore it is easily seen that /(a*) < 0, while f(ß*) > 0.   We consider the

initial value problem

(8) x"+/W = 0,      x(0) = a*,     x'(0) = 0.

Define <p(t) on its maximal domain D C [0, ») by J        du/\ÍE   - F(u) = t.   (7)

implies that thete exists 5 > 0, c > 0 such that for a* < u < a* + 5, we have

F0 - F(u) >Au- a*), and for ß* - 5 < u < ß*, we have F„ - F(u) > Aß* -u).

For a* + 5 < u < ß*—5, we have FQ - F(w) > c8.   It follows that

Ja

du_        8     ß*-a*-< 4 — +

JÊ~~-F(u)-       C y/U

which implies that r^i(r) obtains the value ß*  for t=]4T, where T > 0.  Defining

<p\t) to be  cp\T-t),   y2T < t <T, and then extending it periodically we obtain

a periodic solution of (2).   This completes the proof of the theorem.

Remark.   Had we assumed the existence of solutions of IVP's for (2), the

existence of a periodic solution would have followed from (7) and classical con-

siderations.   The following corollary will prove useful in the sequel.

Corollary 1.   Lei f(x) be continuous and assume uniqueness of IVP's for

(2).   Let f(a) < Q (f(a) > 0).   Then a necessary and sufficient condition for the

solution of x" + f(x) = 0,  x(o) = a, x'(0) = 0 to be periodic is that there exist

ß > a (ß < a) such that F(a) = F(ß) > F(y) for a < y < ß (ß < y < a).
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3. Admissible regions for equation (4).   Now we shall concern ourselves with

those regions of the p - A plane, p > 0, for which equation (4) has a periodic

solution.

Definition 1.   The pair (p, A) is said to be admissible ((p, A) £ u) if equa-

tion (4) has a periodic solution.

In the rest of this paper we shall assume the following: (i) g(x), h(x) are con-

tinuous for all X', (ii) solutions of equation (4) are unique.

Theorem 2.   fl is open.

Proof.   Let (pQ, AQ) eil.   By Corollary 1, there exists  BQ  such that

cf>(p0, AQ) = <p(p„, BQ) > 4>(pQ, y), for y between AQ and BQ.   Assume, without

loss of generality, that BQ < AQ.   Then d<fkp0, BQ)/dy < 0 and d(fAp0, AQ)/dy > 0.

Hence there exist C., C2, 8., 82 > 0 such that if \p - fij < 8,, \B - BQ\ < 8,,

then d(f){p, B)/dy <- C^ < 0, and d<f>(p, y)/dp < C2, provided BQ - 82<y <

(AQ + B0)/2.  Hence, if \p-p0\ <8}, \B - BQ\ <82<8X, and BQ-V282<y<

/^(A0 + BQ), then <f>(p, B) > <f>(p, y), for B < y.   A similar argument shows that

there exists a S   > 0 such that if \p - p0\ < 8y \ A - AQ\ < 8, and V2(AQ + BQ)

<y < A, then <fAp, A) > cf>(p, y).   There exists S4 > 0 such that 8. <

min {82, 83, C.S2/4C2Î for which \p-pQ\<8., |A-A0|<8. implies that

\ffAp, A) - <f>(p0, A0)\ < Cx82/4.   For such p, we have that (fip, BQ - 8/2) -

</Áp0, B0) > i/2C.82 - C28. > %CjS2, since in this range d<p(p, B)/dy <- C.  and

\d<f>(p, y)/dp\ < C2.   Similarly <fipQ, BQ) - <p(p, BQ + l/28A > Y4CX82.   Hence there

exists B with \B- BQ\ < ]/282 such that <f>(p, A) = cp(p, B).   Further d<p(p, B)/dy

< 0, since \B — BQ\ < 82 and \p - pA < 8,.   The theorem is now proved.

Definition 2.   Let (pQ, AQ) € dfl such that pQ > 0.   Then we shall say that

(p0, AQ) is of type I if dcf>{pQ, AQ)/dy = 0; is of type II if it is in cl\(p, A) £ d&:

there exists B £ A such that dkp, B) = <ß(p, A) and dcfiip, B)/dy = 0 and (p, A)

is not of type ii; and is of type III if it is in ell (ft, A) £d&: <f>(p, A) > (f>(p, y),

either for all y > A or for all y < A, and (p, A) is not of type I or Iii.

Theorem 3.   Ler (pQ, AQ) £d&.   Then one of the following is true: p = 0, or

(p, A) is of one of the types I, II or III.

Proof.   Suppose that none of the first three alternatives holds.  Since (p, A)

£d&, there is a sequence (pn, Aj £ & with (pn, Aj —» (p, A).   By the corollary

to Theorem 1, there exist Bß 4 An such <f>(pn, AR) = <fÁpn, B„) > <£((*„> y) for

A   < y < B    (without loss of generality, we may assume that An < Bn).  If a sub-

sequence B      converges to B, then A < B.   By continuity, <p(p, A) = cfAp, B) >

cjAp, y) for A < y < B„  Since d<fr(p, A)/dy and d<fAp, B)/dy have opposite sign

(otherwise (p, A) would be of type I or II) we have A < B; if there exists C with

A < C < B and <b(p, A) = ^>(p, C), then we must have d<fip, O/dy =0 and again
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(p, A) is of type II.  Hence (p(p, A) > (p(p, y) for A< y < B.   But this implies

that (ft, A) eö which is a contradiction.   It follows, therefore, that the sequence

B   —» +00, and so cf>(p, A) > <f>(p, y) fot y > A (equality is again excluded as

(p, A) would be of type II).   Thus (p, A) is of type III, and the theorem is proved.

It should be noted that a point of dA may be simultaneously more than one

of the types I, II or III.

We now proceed to investigate the nature of the boundary of (3.   In the next

several theorems we show that under suitable hypotheses, boundary points

exclusively of a given type (I, II or III) are interior to a continuous arc T of such

points.   Suppose that xg(x) > 0 for x 4 0.   The existence of periodic solutions

in the case p = 0 has been much discussed in the literature (see, for example,

[2] 1- [4], [6], [7], [9],. [12]).    Clearly nothing additional is obtained when p > 0,

xi(x) > 0 for x4 0.   Thus the case h(x) > 0 .(or h(x) < 0) for all x will be of

some interest.   For this case we show that the above mentioned arc is strictly

decreasing, where by strictly decreasing we mean T = K/x(-s), A(s)): sQ < s < s.i

with p(s) monotone increasing and A(s) strictly decreasing.

Theorem 4.   (a) Let (pQ, A A be a point of type I exclusively such that

h(AA 4 0.   Then it is relatively interior to a continuous arc of such points.

(b) Let (fiQ, AA be a point of type II exclusively, such that g(x), h(x) are

continuously differentiable in some neighbourhood of B. (see Definition 2) and

such that

MB0)t//(B0)-//(A0)]|(g)) ¿0.
B=B0

Then (p., AA  is relatively interior to a continuous arc of points of type II.

(c) Let (p0, A A be of type III exclusively, and suppose that tX/Zq, Aq) >

00*0' V*   f°raU  V> A0-    Assume that   SUPo<y<oo Hiy) " H>  and  suPoSy<ooG(y) = G

are finite, and that snPoçx<ao<flp, x) = G + pH in some neighbourhood of pQ.

Then (p., AA  is relatively interior to a continuous arc of points of type III.   A

corresponding result holds if <fipQ, AA > <f>(pQ, y) for all y < A..

Proof,   (a) (pQ, A0) is of type I implies that g(AQ) + pQh(A^ = 0.  Since

KAQ) 4- 0, we have, by the continuity of h, that there is a neighbourhood of AQ

in which h(A) 4 0.   In this neighbourhood define p(A) to be - g(A)/h(A).   This

defines a continuous arc F containing (pQ, AQ) in its relative interior.  We note

that rn & = 0,   Let ¡V£ 5 be the rectangular neighbourhood Up, A): \p - pJ

<e, \A - A0\ < 5!.  Since' (pQ, AQ) e dS, ¿Vf s O 8 4 0; also Ai£ g n 0e contains

points other than (p., AA.   It follows that Aif s n du contains points other than

(p0, AA.   Since (p0, AA is a point exclusively of type I, it follows from con-

siderations of continuity that we may choose 5, e so small that du O N£ g con-
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sists of points exclusively of type I.   Since all points of type I satisfy g(A) +

ph(A) = 0, it follows that <9(? O Nf s C T (here we use h(A) 4 0)..   Since Y is in

fact the graph of a continuous function, it is clear that we may, in addition, choose

S, f so small that N( g O Y is a continuous arc (the graph of a continuous func-

tion) containing (pQ, AQ) in its relative interior.   If (px, A}) £N( s n Y, (p2,A2)

£N¿ s n (S, we may join (px, Aj), (p2, A2) by a continuous arc intersecting Y

only at (p., Aj).   Since this arc must intersect d&, it follows that (px, A A £ d&.

Thus â3 n N( j = N( g O T and the proof of (a) is complete.

(b) We have g(BQ) + pQh(B0) = 0 and <p\p0, AQ) = <jApQ, B„).   Define

](p, A, B) to be <f>(p, B) - <p(p, A).   Since h(BQ) 4 0, there exists 8 > 0 such

that ÜB) 4 0 for \B - BQ) < 8.   For B in this interval, define p(B) to be

- g(B)/h(B).   Note that (x(BQ) = pQ.   Consider now j(p(B), A, B).

J(p(BQ), A0, B0) = <f>(pQ, B0) - <p(p0, A0) = 0,

d¿(p(B),A,B)Jj-(p,A,B)^+g(p,A,B)

= [H(B) - H(A)} ¿j(f[§y) + g(B) + p(B)h(B).

Thus

by hypothesis.   Hence, by the implicit function theorem, we can solve

](p(B), A, B) = 0 for B = B(A)  as a continuous function of A in a neighbourhood

of AQ.   Define /i(A) to be p =(-g(B(A))/h(B(A))).    Clearly, this defines a con-

tinuous arc of points containing (pQ, AQ) in its relative interior.   Furthermore,

this is a unique such arc.   The remainder of the proof follows as in part (a).

(c) First we show that our hypotheses imply that <fÁp0, AQ) =

SUPA0Sy<oo^0' i*'    F°r SUPP°Se   #rV V > ^Posy^^O' ^'   Define

ifAp, A) to be cfAp, A) - G — pH.   Then i/»((i0, A A > 0.   Thus there exists a neigh-

bourhood of (/iQ, AQ) in which i/Kfi, /4) > 0, i.e. ftp, A) > supA¿y<BOcp(p, y) in

this neighbourhood.   Hence there are no points of this neighbourhood in the set

(?, contradicting the fact that (pQ, AQ) £dQ.

It follows that (ß(pQ, AQ) = supAosy<oa<p\p0, y), as stated.

Since H(AQ) 4 H, choose 8 > 0 such that for \A - AQ\ < 8, we have H(A) 4 H.

Define p(A) by p(A) = - (G(A) - G)/(H(A) - if).   Then dip, A) = G(A) + pH(A) =

G + pH = sup^Sy<oo <b(p, y).   Hence we have an arc of points containing (p., AQ)

in its relative interior.   The remainder of the proof follows as in parts (a) and (b).

Remark 1.   Some of the conditions required in the hypotheses of Theorem 4
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are somewhat technical in nature, but they appear to be necessary for the method

of proof adopted; for example in (a) if AQ is an isolated zero of h, we may still

define a continuous arc T by

T = Up, A): p = -g(A)/h(A), A¿AQ] u{(pQ, AQ)\;

however this may not be wholly contained in du.

Remark 2.   The theorem may no longer hold if the assumption that (pQ, A A

is exclusively of type I, II or III is removed.

The case where p = 0, xg(x) > 0 for x 4 0, and A > 0, has been extensively

discussed.   In the case that p > 0, Mx) > 0 when x 4 0 is also of interest as was

earlier remarked.   In this case (A > o) (p, A) cannot be a boundary point of type I.

It is the purpose of the following theorem to obtain further information about points

of type II.

Theorem 5.   Assume that xg(x) > 0 and h(x) > 0 for all x 4 0.   Let (pQ, AQ)

be a point of type II but not of type III,  with  p0AQ > 0.   Then there exists a con-

tinuous strictly monotone decreasing arc T = {(p, A(p)): p   < p < p*] of such

points, with limu     „ A(p) = 0  if the maximal interval [p, p*) .of definition of the

arc is finite.

Proof.   Since (pQ, AQ) is not of type III, there exists B_ (< 0, by virtue of

the hypotheses of the theorem) such that <j>(pQ, BQ) = </>(fi0, AA.   Choosing BQ

to be the largest value of B fot which cp(pQ, B) = <pip0, AQ), it follows that

d<p(p0, BQ)/dy = 0, and cf>(p0, y) < <f>(p0, AQ) = cf>(p0, BQ) tot BQ<y< AQ.

.Now (p\p, B0) > 0 for p0 < p < p*, say, and d<f>(p, BQ)/dy = g(BQ) + p0h(BQ) +

(p - p0)h(B0) > 0 for p > p0.   Thus defining B(p) to be (for p0 < p < p*)

supiy: B0 < y < 0 and <p(p, y) = supBQ<y<0 atp, B)\, we have BQ < B(p) <0 and

ddAp, B(p))/dy= 0.   Clearly B(p0) = BQ.

We shall show that B(p) is nondecreasing.   Let pQ<p. <p.<p* and let

B(pt) = Br   Suppose Bj > B2.   Then

<f>(p2, B2) = G(B2) + p2H(B2) > G(Br) + p2//(Bj) = <f>(p2, B¿,

i.e. G(B2) - G(Bj) > /^[//(Bj) - W(ß2)].   However,

g(B2) + Pyh(B2) < g(B2) + p2h(B2) = 0

and so (p(pv B2) < supßosysO0(p1, y) = <p\py, By).   Therefore

0 < G(B2) - G(By) < PjtMBj) - H(B2)] < p^B^ - //(ßj)]

giving a contradiction.   Thus ß   < B2, and B(p) is nondecreasing.

Next we show that <f)(p, B(p)) is continuous in p.   Let pi ] p with B(p¿) T
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B(p) - e, where 0 < e < «.   Then c5>(fí¿, Bip)) —» <jip, B(p) - e) and by continuity,

we have  <f>ip, B(p) - e) > <f>ip, y) toi Bip) - e < y < 0.   It follows from the defini-

tion of B(p) that e must be 0, and so <fA.p, Bip)) is continuous to the left.  Now

let p; I p with B(p¡) i B(p) + e (0 < e < °°).   We have cfÁpr Bip)) — <f>(p, Bip)+e).

If e = 0, there is nothing to prove; otherwise we have cjAp, Bip)) > cf>ip, Bip) + e),

on account of the definition of Bip).   It follows that for i sufficiently large,

we have (pip¿, Bip)) < (pip¿, Bip)).   Since BQ < Bip) < BÍp¡) < 0, this clearly

contradicts the definition of Bip).   It now follows that Bip) is also continuous

to the right and hence continuous.   For p0 < p < p*, we have

cpip, AQ)> <pip0, A0) = «¿(/v B0) = GiBQ) + p0HiBQ)

= [GiBip)) + pHiBip))] + [iGiB0) + P0HiB0)) - iGißip)) + pQHÍBÍp)))]

+ ipQ - p)HiBip))

> GiBip)) + pHiBip)) > <f>ip, 0) = 0,

since ip0 - p) and Hißip)) are negative, and the expression in the second

square brackets is positive on account of the definition of BQ.

It follows that the equation <f>ip, A) = </5((i, Bip)) has at least one solution

A with 0 < A < A- in fact, exactly one, since the hypotheses of the theorem

imply that <fAp, A) is strictly increasing for A > 0.   We shall denote this solu-

tion by Aip).

Let  fi0 </íj </j* and let Aj = A(fij), Bj = B(/Hj).  Define rjx, r¡2 by

7j, = min giy),      tj, = max hiy).
1        /l1/2sy£3/lj/2 2       /tj/2Syá3/tj/2

Let e > 0 and choose S > 0 so that 8<erjx/2r]2, and <p(pv Bj) - (ßip, Bip)) <

Y2e whenever^ \p - p x\ < 8.   Then if | A - A J > e  and \p - p A < 8, we have

\<f>ipx, Aj)- <f,ip, Aip))\ >eqx- 8t72 > V2e;

however \<f>ip x, B x) - <fAp, Bip))\ < l/2£ which is a contradiction since <f>(p, A(p))

= (f>(p, Bip)), and <f>ipx, Aj) = <fÁpx, Bj). It follows that Aip) is continuous for

p0 < p < p*. Now let p0 < p j < /i2 < ft*, and let A¿ = Aip), B¿ = Bip¡), i = 1, 2.

We have

<f>ip2, B2) = GiB2) + p2HiB2) < GiB2) + pxHiB2) < G(Bj) + ftjE(flj) = <f>ipx, Bj).

It follows that 0(ft2, A ) < <ß.px, Aj) and so A   < A .   Thus A(fi) is strictly

decreasing in ft and Aip) is defined in [ftQ, p*).   An examination of the defini-

tion of p* reveals that we require only that there exists for each p £[p0, p*], a B

with B. < B < 0 such that <Jj(ft, B(fO) > 0.   Defining ft*, therefore, so that this
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interval is maximal, it follows that either p* = + oo, or p* < oo and (pip*, B) < 0

for BQ < B < 0, and by continuity of <f> and A(p), we must have 0(it, A(p)) —> 0

as ft—> p*.   The hypotheses of the theorem will then imply that lim     w* A(p) = 0.

This completes the proof of the theorem.

Corollary 2.   The energy junction <p(p, A)  is decreasing along the arcs of

type II defined in the above theorem.

Proof.   (jAp, A(p)) = <p(p, B(p)).   So

d<f>(p, A(p))/dp - dqAp, B(p))/dp = [g(B(p)) + ph(B(p))]B'(p) + H(B(p))

for almost all p, since B(p) is monotone.

g(B(p)) + ph(B(p)) = 0    and so    d(f>(p, A(p))/dp = H(B(p)) < 0.

4. A converse theorem.   We now consider a converse problem, namely, given

a decreasing continuous function A(p), can functions g(x), h(x), xg(x) > 0, ¿(x)>0

for x 4 0 be found such that A(p) is the boundary of the admissible set in the

first quadrant, of x" + g(x) + ph(x) =0?

With some additional restrictions on A(p), the next theorem shows that the

answer is yes.

Theorem 6.   Let A(p)  be a positive, continuously differentiable function

which is strictly decreasing for p > 0 such that lim      . A(p) = + oo   and

lim     +oo A(p) = 0.   Then there exist g(x), h(x)  with g(-x) = -g(x) and h(-x) -

h(x) > 0 for x 4 0 such that

(9) x" + g(x) + ph(x) = 0

has (p, A(p)) as its only boundary points of U  in the interior of the first quadrant.

Proof.   We wish to construct g(x) and h(x) with the above properties, such

that G(A) + pH(A) = G(B) + pH(B) and g(B) + ph(B) = 0, where B = B(p) < 0.   Let

there be a function g(x), and constants  C. ^0, C2, such that

(10) G(x) = Cyq(x)g(x),       H(x) = C2q(x)h(x).

Then pH(B) = pC2q(B)h(B) = - C2q(B)g(B) = - C2G(B)/Cy  We shall arrange that

(11) pH(A) = CAj(A),    for some constant C .

From (10) and the definition of G(x),  G(x) = C q(x)G'(x).   Solving gives

(12) G(x) = G(x0) exp (V1 f*   q(s)~l ds\ .

Similarly
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(13) Hix) = HixQ) exp (C~X j'  qis)'X ds\ ,

and hence

(14) Hix) = CQGaix),    where CQ = Hix0)/GaixQ), a= C^C .

In order for (11) to be valid we want GiA) = C~ lpHiA) = pC~ lC0G°(A).   Hence

Ga-1U) = C3C-1fi-1, or

(15) C(A) = (C3C-V"1)1/(a-1).

Define

I      C       \X /(a_1)

where A~ (x)  stands for the inverse function.   Then

by (15).   Hence, letting G"0 = G(xJ, we define

/     C        Xl/«0-1)

(17) C(x) = G/(x) = (-i—— j ,      x > 0,

and then by (14)

/     c W(a-l)

(18) //(x)=CJ-L— ) ,      x>0.

Vo^HxV

We extend the definition to all x by defining G(- x) = G(x) and Hi- x) = - //(x).

We observe that

/        _ \ (a-l)/a

(19) ?(x)..£2^i](_fL_)        ÍÍA
c3    a   Vc^-Hx)/        (a-Hx))'

By the hypotheses on Aix), gix) and h(x) ate well defined and continuous, and

are such that xgix) > 0, x 4 0 and ¿(x) > 0, x / 0.

It remains to ensure that

(20) G(A)+ft/7(A) = G(B) + fi//(B)    and    giß) + phiß) = 0.

The first of the equations in (20) requires that
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(21) (1 +C3)(C3/C0p)1/(a-1) = (l-C2/C1)(-C2/C0C1p)1/(a-1),

the last factor on the right being obtained by combining pH(B) = - C2G(B)/Cy

with (14).   Equation (21) reduces after simplification to

(22) C\ /(a-1)(l + C3) = (1 - 1/aXl/a)1 '<«-»

which is a constraint on C , C?, C,.   C0 may be chosen arbitrarily.   The second

of equations (20) is satisfied automatically.

Since, by the constructed properties of g(x) and h(x), fot p, A > 0 there can

occur boundary points only of type II, the theorem is proved.

5. Examples. We first give an example to show that the boundaries of u can

be very complicated.

Example 1. Let (? be the obvious extension to the real line of the Cantor set

(removing middle thirds) on [0, l].   Let

(0, x>0,

(23) g(x) = x,       h(x) = I

i(p(x, C)-l)x,   x<0,

where p(x, £) = infy£(?|x - y\.   Note 0 < p(x, 0 < 1/6.   Then

!x, x > 0,

x + px(p - 1),    x < 0.

If p < 1, <p(p, x) > 0, x 4 0 and limx^_oo <p(p, x) = + oo, and g(x) + ph(x) 4 0

for x 4 0 and hence all solutions are periodic.

For p = 1, g(x) + ph(x) = 0 for x < 0 and x e Ç.   <p(p, x) is monotone decreas-

ing for x < 0.

For 1 < p < 6/5, there will be continuous boundary curves (of types I and II for

A < 0 and of type II for A > 0) emanating from the Cantor set of boundary points

for p = 1  and they must decrease in the case A > 0 to the p-axis between  1 < p

< 6/5.   For p > 6/5  there ate no periodic solutions.

Note that using a Cantor set of positive linear measure, it is possible to

obtain a boundary set of positive 2-dimensional measure.

Example 2.   Consider the equation

(25) x" + x + p¿   C.x2'=0,       x(0) = A>0, x'(0)=0.
¿=1

Theorem 7.   Ler

(26) 9(p,A) = 2\Z (pO^^'-^U^.A)f¿ (pC.)2'«'-»!
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// Cy> 0, Ci>0U=2,-'i,n- 1),  Cn> 0, then {(p, A)\ p> 0, A> 0, 9(p, A)

< l/3i C (ï.   FartAer i/ a > 1/3, there exists (pQ, AQ) í R2\Q such that fXp0, AQ) = a.

We first need the following lemma.

Lemma 2.   Let

t#&ere w = (w     w2, •••, mj,   // w¿ > 0 fln¿ £"=,u>¿ = 1, Z¿en min 0(u>) ■ 1/3.

Proof.   If n = 1, then 0(w) = w2(l - 2/3) w^   Wy = 1 implies that 0(w) = 1/3.

If « = 2, U)   + w2 = 1, then

^(i-^ + ̂ i^-i-n-d-^)2-^73]

^^w\n-6w2 + 4w\^-lw\ + 4w\]>^bw\n-6w2+4w\n-^\}

= ¿ t-2/3d - »5'5>Ü - .»" - »*") + 3^^/3(l - ^/3)] > 0

since 0 < w2 < 1, and 0(u>) = 0 for w   = 0.   Hence the lemma is true for n = 2.

Suppose now the lemma is true for 1 < n < N.   Let w. > 0, z = 1» • « « » TV —I— 1,

Sf=V «",■= !•   Let  "V + WN + l = VN-   Then

(i-\wy-\w2-ji^rfN.i)

> (i - 2-wx-2Ñrí»w_, - zñtt^n)

and

since

2 2/3 2/(2N+l)N,„2   , ,„2N-3   t    2/(2N-l)
„,1+«,2      +...+Wn+1        >>wl + ... + wN_1    +vN

K, + •*«>2/0*-4,< «¡î70*^ - *lt$"*<*lr'W'-»+ »I'™*"

fot 0<w.,  , < 1.
-     N + l -

This   is equivalent to the case n = ¿V and hence the lemma is proved by induction,

since in each case 9(w) = 1/3 for w   = 1 and î/a =0, ¿> 1.
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Proof of Theorem 7.   By [7] we know that (u, A) £ ff if

(27) xíx + fi ¿ C¿x2nJ>0,       ß<x<A,

where B < 0 is given by rf>ip, B) = d)ip, A).   From (27) we have that

(28) ¿ fiC.(-B)21'-1 < 1
i'=l

and also that

(29) dip., A) = dip, B).

Let w{ = ftC¿(- x)2'" ', i = 1, 2, • • • ; n.   Then

Further, the constraint (28) becomes, for x = B,

(30) £«'i<1'
¿=i

Let 0 < 6Q < 1/3 be given.   Let ft > 0 and A > 0 be such that 0(fi, A) = 0Q.

Define Y to be the manifold

W.        fw. \l/3 / W    \l/(2»-I)

Ma) .te)    • "-i0
(eliminating those terms for which C. = 0).   This is a connected manifold which

intersects the origin (0(0) = O) and the boundary £"=1 w¿ = 1 (0 > 1/3).   Then

by continuity, there exists w* ••.,»* on Y such that0(í¿'*) = 0Q.  Hence there

exists B < 0 such that 0(fi, B) = 0Q with B = (- wt/ftCp1^2.1'"1' and B satisfy-

ing (28).

Suppose now 0Q > 1/3.   Let (ftQ, AQ) e R2 with

Íc2/(2¿-i)\
l'3ë^i±~c~r-y

By the above, for all w satisfying (30),

»YaM}     iC.pQ)2n2i-»    C?"2'"1'   _j     30Q-1
—2 = -J-2 < ~2 H    <-. ¿=2,-...,72.

"î CX C
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Hence d(w) < 3d0w2il - 2">j/3-2wnA2n+ l)) < 30n"'2(l - 2u/j/3) <0Q.

Hence for such p0, B <£ 0 having the required properties for periodic solutions

does not exist.   This proves the theorem.

Remark 3.   A similar result holds for the equation x" + x + ftE"     C.x2',+**=0,

x(0) = A > 0, x'(o) = 0, k > 0, C. > 0, Cx, Cn > 0.   Let

dkip,x)=2Ï±ipCf^k^4>ip,x).

Then the condition rrj(fi, A) < 1/3 becomes 0/fe(ft, A) < 1 - 2/(2¿ + 3).

Example 3.   This is a special case of Example 2.

(32) x" + x + fix2" = 0,      x(0) = A>0,   x'(0)=0.

The condition 6kip; A) < 1 - 2/(2¿ + 3) becomes

(33) 2f12/(2n-1)(A2/2 + pA2n+1/i2n + 1))< 1 - 2/(2« + l).

This is satisfied if

(34) pA2n'y<yn,

where y    is a positive solution of

(35) y2(l + 2y /(2b + I))2""1 = i(2n - 1)/(2b + l))2""1.
' n ' n

Suppose now that pA2n~ ' = y .   For a periodic solution of equation (32) to exist,

there must exist B < 0 such that

or

/ -, \2n-l / 2y     \2n-l

^"M1^8" )    ->i(1+=A)
(37) /-       ,v2n-l      / ,    \2„-l

\2n+l/ V       2n+ 1/

It is easily shown that the unique negative solution (up to multiplicities) of the

equation

(38) y2(l + 2v/(2b + l))2"'1 = ((2b - 1)/(2b + l))2""1

is y = - l.   Hence fiB2"-1 =- 1, since  B < 0.   Hence giB) + phiß) = B-

B2n/B2n~ 1 = 0, and (p, A) is on d&.   This means that the curve

(39) pA2n-ïr-.yn

is a boundary curve (of type II) for Q.
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Remark 4.   It can be shown that y    is strictly decreasing and that

lim        y   = y, where y is the unique positive root of

(40) x2e2x = e~2.

To prove this, we first consider (l - 2/(2« + l))2"" l.   Let y = (l - 2/(x + 2))*.

Then

y'/y = log (x/(x + 2)) + 2/(x + 2) = log (1 - f) + ( < 0,

where t = 2/(x + 2), x> 1.   Hence, since y > 0, y  < 0 and y is decreasing and so

((2n - l)/(2n+ l))2n_I is decreasing with n.

Now consider (l + 2yJ(2n + l))2"" l.   Let y = (l + 5/(x + 2))x, where 5 > 0.

Here

y      ,     /,        5    \ 5x ^    5 1      Ô2 5x
— = loe I 1 +-x I - ->-*-
y        *\      x + 2/     (x + 2)(x + 2 + 5)   ÏT?     2(x + 2)2     (x + 2)(x+5 + 2)

S    A    1    5 x      \ >   5    A_1_ _   *   \ =     35
x + 2\      2x + 2    x + 5 + 2/-x + 2\l      2(x + 2)   * + 2/     2(x + 2)2 >

This means that (l + 2x/(2w+ l))2n_1 is increasing with n for each fixed

positive x.

Consider now the equation

x2(l + 2x/(2« + I))2""1 = «2» - l)/(2« + I))2""1.

If x = y    is a solution, then as n is replaced by n + 1, for fixed x, the right side

decreases and the left side increases.   Clearly x must decrease then to preserve

equality and so y  +. < y .

Remark 5.   The special case n = 1 in Example 3 gives Maekawa's result [9].
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