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PERIODIC SOLUTIONS OF x" + g(x) + ph(x) = 0
BY

G. J. BUTLER(]) AND H. I. FREEDMAN(2)

ABSTRACT. Necessary and sufficient conditions for x” + f(x) =0 to admit
at least one nontrivial periodic solution are given. The results are applied to
%" +g(x) + ph(x) =0, (0) = A, x'(0) =0 in order to characterize those regions
of the (u, A)-plane for which nontrivial periodic sol:xtions exist. A converse
theorem is given, together with some illustrative examples.

1. Introduction. The problem of determining the existence of nontrivial
periodic solutions to the equation

1 x+ f(x) = ep(2)

has received considerable attention. In order to investigate this problem, it is
necessary to consider the problem of determining periodic solutions of the corre-
sponding unforced equation

2 v flx)=0.

The existence of periodic solutions of (2) has been studied, for example, by
Loud [7], Opial [12], Cesari [2] and Utz [16].

Recently, Maekawa [9] has considered the construction of periodic solutions
of the equation

3) x" + x + px? = € cos wt,

with the initial condition x(0) = 4 (>0), x'(0) = 0.

In the case that € = 0, he determined that periodic solutions exist if 0 <pA
<%.

In the following section, we shall obtain necessary and sufficient conditions
for the existence of periodic solutions of equation (2) under rather general
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conditions on f. In §3 we shall apply these results to characterize those points
of the (u, A)-plane for which the initial value problem

(4) * + g(x) + ph(x) = 0,

«0) = A, x0) = 0, ¢ > 0 has at least one nontrivial periodic solution.

In $4, we state and prove a converse theorem, and in §5 several examples
illustrating our results will be given.

Throughout this paper, the following notation will be used:

F(y) = foy {@)du, Gly)= J-Oy gwdu, Hy)= foy b)) du.

(5) (1, ¥) = G(y) + pH(y).

Further, in what follows, by periodic solution we shall always mean a non-
trivial (i.e. nonconstant) periodic solution.

2. Periodic solutions of x” + f(x) =-0. The following theorem generalizes
known results (see, for example, [2]).

Theorem 1. Let {(x) be locally integrable on (- o, =). Then a necessary
and sufficient condition for there to be a periodic solution of (2) is that there
exist real numbers a, B with a < such that F(a) = F(B) > F(x) for a <x< .

Proof of necessity. Assume that (1) is a periodic solution of (2) with period
. The energy equation satisfied by 1) is

© 12'% (£) + F(z(2)) = const = E, say.

Let m=ming_,_, «f), M=max,_,_ 1. Then m<M. Let t =inflt:2>0
and z(#) = m} and let ¢, = inflt: > ¢, and =) = M}. We have F(m)=-F(M) =
E2 F(x) for m<x <M. Choose t; with t, <ty <t, such that z%(z5) > 0. Let
(13, t,) be the maximal interval I about ¢, for which z/(s) > 0. Then ¢; < t, <
ty<tgy<t, and z'(t3) = 2t,) = 0. Defining a to be Z(tS)’ B= z(t4), the
necessity follows,

Before proving the sufficiency, we require the following lemma, which is
related to Sard’s theorem [10], [11], [14], but does not appear to exist in the
literature in the form in which we need it.

Lemma 1. Let F(x) € ACla, 6. Let C= ty: there exists x €[a, b] .such that
y = F(x), F'(x) = 0} (the critical range of F). Then C has measure zero.

Proof. Define T ={x: x €[4, b} .and F'(x) = 0}. Let ¢> 0 be given. Since
F(x) € ACla, bl, there exists 8> 0 such that [,|F'(x)|dx <e¢ for any measurable
set M with meas M < d. Let ’1' Iyyeees 1, be interior disjoint intervals such
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that TC1={%,/; and measT > 2%, (meas ) - 8. Then [}|F'(x)|dx=
Jinrl F')ldx < e ( \' denotes complement). But

f’ |F'(x)| dx > i <max F(x) - incl;l F(x)) = nz meas D].,
i

j=1 "51,' j=1

where D, = [min, el F(x), max,, e F(x)]. However y € C implies that y = F(x)
for some x belonging to some I, and hence y € D; for some j. Thus U;‘=1Dj
D C, and meas C <e. Since ¢ > 0 is arbitrary, the lemma follows.

Proof of sufficiency. Let a<y < B such that I' = F(y) = min[a,ﬁj F(x).
Let E = F(a) = F(B) and for ' < y < E ), define £(y) to be supix: a<x<y
and F(x) = y} and 7(y) to be inf{x: y <x < B and F(x) = yl. Then F(£(y)) =
F(n(y)) > F(x) whenever &y) < x < n(y). By Lemma 1, there is a y* with I" <
y* < E, such that for every x for which F(x) = y*, we have F'(x) = f(x) £ 0.
Define a* to be £(y*) and B* to be 5(y*). Then, for a* < x < 8*, we have
F(a*) = F(8*) > F(x), and, moreover,

@ F'@)F'(B") = (&M (B") # 0.

Furthermore it is easily seen that f(a*) < 0, while /(8*) > 0. We consider the
initial value problem

(8 Srf@=0, x0)=a x'(0)=0.

Define ¢(2) on its maximal domain D C[0, =) by [ i’:‘)du/m =t (7)
implies that there exists 6>'0, ¢ > 0 such that for a* < u < a* + §, we have
E,- F(w) > u - a*), and for B* - & < u < B*, we have E, - Fu) 2 B* -,
For a* + 8 < u< B*— 8, we have E— F(u) > ¢8. It follows that
*
af d'f__ <4 8 + B_*:f:.
\/ﬁ -F@)~ ¢ /&5

which implies that ¢(#) obtains the value B* for t= YT, where T > 0. Defining
&) tobe HT=-1), 4T <t< T, and then extending it periodically we obtain
a periodic solution of (2). This completes the proof of the theorem.

Remark. Had we assumed the existence of solutions of IVP’s for (2), the

existence of a periodic solution would have followed from (7) and classical con-
siderations. The following corollary will prove useful in the sequel.

Corollary 1. Let {(x) be continuous and assume uniqueness of IVP’s for
(2). Let f(a) <0 (f(a) > 0). Then a necessary and sufficient condition for the
solution of x" + f(x) =0, K0) = a, x'(0) = 0 to be periodic is that there exist
B> a (B< a) such that F(a) = F(B) > F(y) for a<y<B(B<y<a).
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3. Admissible regions for equation (4). Now we shall concern ourselves with
those regions of the p — A plane, p > 0, for which equation (4) has a periodic
solution.

Definition 1. The pair (g, A) is said to be admissible ((u, A) € @ if equa-
tion (4) has a periodic solution.

In the rest of this paper we shall assume the following: (i) g(x), h(x) are con-
tinuous for all x4 (ii) solutions of equation (4) are unique.

Theorem 2. (@ is open.

Proof. Let (u), A) €@ By Corollary 1, there exists B, such that
¢0(llo, Ao) = ¢(uo, BO) > qﬁ(uo, y), for y between A, and B,. Assume, without
loss of generality, that By < A;. Then d¢u,, By)/dy <0 and 9y, Ay)/dy > 0.
Hence there exist C,, C,, 8, §,> 0 such that if i = ol < 8, |B- Byl <8,
then ¢y, B)/dy <— C, <0, and d¢(u, y)/9u < C,, provided B, -8, <y <
(A, + Bg)/2. Hence, if |p—pg| <8, |B- By <8,<8,, and By~ 1%8,<y<
l/2(A0 + BO), then qS(p, B) > ¢(p, y), for B < y. A similar argument shows that
there exists a 53 > 0 such that if |p —yol < 33, |A - A0| < 83 and l/z(AO + By)
<y <A, then ¢lu, A) > Py, y). There exists §,> 0 such that 8, <
min{,, 85 €,8,/4C,} for which |u—pg| <8, |A - Ay <&, implies that
|¢lu, A) = $luy, APl < C,8,/4. For such p, we have that @y, By - 8,/2) -
¢(}t0, Bo) > %C132 - CZS4 > C,9,, since in this range ddlu, B)/dy < - C, and
|0é(p, y)/0p| < C,. Similarly ¢lpg, Bo) = #u, By + ¥%8,) > % C,8,. Hence there
exists B with |B - B(| <}48, such that ¢(u, A) = ¢(u, B). Further dg(u, B)/dy
<0, since |B~By| <8, and |u-py| <8&,. The theorem is now proved.

Definition 2. Let (u , A € 9 such that fto > 0. Then we shall say that
(1gs Ag) is of type I if dgplu g, A))/dy = 0; is of type IL if it is in cli(u, A) €9@:
there exists B # A such that ¢(y, B) = ¢(u, A) and ¢, B)/dy = 0 and (y, A)
is not of type I}; and is of type III if it is in cli(y, A) €9®: Hlg, A) > Hlu, ),
either for all y > A or for all y < A, and (g, A) is not of type I or II}.

Theorem 3. Let (“0’ Ay €9QR. Then one of the following is true: p = 0, or
(g, A) is of one of the types I, Il or 1L

Proof. Suppose that none of the first three alternatives holds. Since (g, A)
€d@, there is a sequence (p,, A) € @ with (e, A)— (g, A). By the corollary
to Theorem 1, there exist B_ # A such @, A,) = ¢lp,, B,) > plu, ») for
A, <y <B, (without loss of generality, we may assume that A,<B n). If a sub-
sequence B nj, CORVEIges to B, then A < B. By continuity, ¢, A) = ¢y, B) >
&y, y) for A<y < B. Since ddlu, A)/dy and Iy, B)/dy have opposite sign
(otherwise (g, A) would be of type I or II) we have A < B; if there exists C with
A< C<B and ¢, A) = ¢y, C), then we must have d¢(u, C)/dy =-0 and again
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(g, A) is of type II. Hence é(p, A) > @y, y) for A<y < B. But this implies
that (g, A) € @ which is a contradiction. It follows, therefore, that the sequence
B,— +o, and so ¢y, A) > ¢y, y) for y> A (equality is again excluded as
(i, A) would be of type II). Thus (u, A) is of type III, and the theorem is proved.

It should be noted that a point of dA may be simultaneously more than one
of the types I, II or IIL,

We now proceed to investigate the nature of the boundary of (@. In the next
several theorems we show that under suitable hypotheses, boundary points
exclusively of a given type (I, II or III) are interior to a continuous arc I" of such
points. Suppose that xg(x) > 0 for x # 0. The existence of periodic solutions
in the case g = 0 has been much discussed in the literature (see, for example,
(2] ~[4], [6], [7], [9),.[12])s Clearly nothing additional is obtained when p>0,
xM(x) > 0 for x # 0. Thus the case Hx) > 0 (or Hx) < 0) for all x will be of
some interest. For this case we show that the above mentioned arc is strictly
decreasing, where by strictly decreasing we mean I' = {(i(s), A(s)): s < s <5}
with y(s) monotone increasing and A(s) strictly decreasing.

Theorem 4. (a) Let (uo, Ao) be a point of type 1 exclusively such that
b(AO) # 0. Then it is relatively interior to a continuous arc of such points.

(b) Let (uo, AO) be a point of type Il exclusively, such that g(x), Kx) are
continuously differentiable in some neighbourhood of B (see Definition 2) and
such that

HBH(B,) - HA ) -2 (g(B)) 0.

b(B)

Then (”0' A ) is relatively interior to a continuous arc of points of type IL

(c) Let (“0’ A ) be of type Il exclusively, and suppose that 95(110, A ) >
gy ¥) for all y> A Assume that supg_, ., H(y) = H, and SUP < <oo G(y) G
are finite, and that sup,_ ., My, %) = G+ ;LH in some neighbourhood of .
Then (p.o, A ) is relatively interior to a continuous arc of points of type IIl. A
corresponding result holds if ¢lu g, Ag) > $lug, y) for all y <A,

Proof. (a) (g, Ap) is of type I implies that g(A)) +poHA) = 0. Since
KA,) # 0, we have, by the continuity of 4, that there is a neighbourhood of A,
in which M 4) # 0. In this neighbourhood define u(A) to be - g(A)/HA). This
defines a continuous arc I containing (po, Ay in its relative interior. We note
that [N ®@=g. Let N, ,s be the rectangular neighbourhood {(, A): |p = gz
<e |A- A0| <8l Smce (uo, A ) €@, N, )5 N @£ &; also Ne, s N {¢ contains
points other than (yo, A ) It follows that N, 5N dQ contains pomts other than
(/.l.o, A ) Since (I‘O’ A ) is a point exclusxvely of type I, it follows from con-
sxderatlons of continuity that we may choose &, ¢ so small that df N N ¢, 5 con-
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sists of points exclusively of type I. Since all points of type I satisfy gA) +
pMA) = 0, it follows that & n Ne, s C I" (here we use HA) # 0). Since I' is in
fact the graph of a continuous function, it is clear that we may, in addition, choose
8, € so small that Nc, sN I" is a continuous arc (the graph of a continuous func-
tion) containing (g, Ag) in its relative interior. If (u,, A)) €N, 5N I (pyy4)
€Ny 5 N ®, we may join (g, A)s ey A) by a continuous arc mtersectmg r
only at (“1’ Al)’ Since this arc must intersect d(, it follows that (l‘l’ Al) €9Q.
Thus @ N N, 5= Ne, s 0 I" and the proof of (a) is complete.

(b) We have gB) + u HBy) = 0 and Hlug, A)) = ¢y, By). Define
J(u, A, B) to be ¢(u, B) - ¢, A). Since KB() # 0, there exists 8> 0 such
that XAB) # 0 for |B - By| <8. For B in this interval, define u(B) to be
- g(B)/KB). Note that u(BO) =, Consider now J(u(B), A, B).

]("(30)’ AO’ BO) = ¢(#0’ BO) - ¢(#09 AO) = 0,

J 2 (a), 4, B) - ](y,A B) dgjf) Iy, 4, B)

- [H(B) - H(A)] d%(g_%) + g(B) + u(BYHB).

Thus

a] g(Bo))
(p(B o) Ay By) = [H(B) - H(A N — (b(B ) #0,
by hypothesis. Hence, by the implicit function theorem, we can solve
J(u(B), A, B) = 0 for B = B(A) as a continuous function of A in a neighbourhood
of A,. Define p(A) to be p = (- gB(A)/KB(A). Clearly, this defines a con-
tinuous arc of points containing (uo, Ao) in its relative interior. Furthermore,
this is a unique such arc. The remainder of the proof follows as in part (a).

(c) First we show that our hypotheses imply that ¢y, 4)) =

S“PAosy<oo¢(“o’ y). For suppose ¢, A,) > SUP )<y <00 #pys ¥). Define

Wy, A) to be Hy, A) - G - pH. Then Wugs Ag) > 0. Thus there exists a neigh-
bourhood of (i, Ag) in which ylu, A) > 0, i.e. Plu, A) > sup, . o &, y) in
this neighbourhood. Hence there are no points of this neighbourhood in the set
@, contradicting the fact that (u), A,) €d@.

It follows that 95(#09 Ay = SUP4 o coo Hpgs ), as stated.

Since H(A ) # H, choose 8> 0 such that for |A - Ay| <8, we have H(A) # .
Define p(A) by u(A) = - (G(A) - G)/(H(A) - H). Then (i, A) = G(A) + pH(A) =
G+ pH = supASy<°° &(, y). Hence we have an arc of points containing (uo, A )
in its relative interior. The remainder of the proof follows as in parts (a) and (b)

Remark 1. Some of the conditions required in the hypotheses of Theorem 4
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are somewhat technical in nature, but they appear to be necessary for the method
of proof adopted; for example in (a) if A, is an isolated zero of b, we may still
define a continuous arc I" by

= 1 A): = =g(AY/BA), A £ A} U Sy A

however this may not be wholly contained in d(@.

Remark 2. The theorem may no longer hold if the assumption that (1, 4,)
is exclusively of type I, II or III is removed.

The case where pu =0, xg(x) >0 for x # 0, and A > 0, has been extensively
discussed. In the case that u > 0, Ax) > 0 when x # 0 is also of interest as was
earlier remarked. In this case (A > 0) (i, A) cannot be a boundary point of type I.
It is the purpose of the following theorem to obtain further information about points
of type II.

Theorem 5. Assume that xg(x) > 0 and Kx) >0 for all x#0. Let (), A)
be a point of type Il but not of type I, with poAg > 0. Then there exists a con-
tinuous strictly monotone decreasing arc T" = {(y, A(p)): poSp< p*} of such
points, with lim Alp) = 0 if the maximal interval [, p*) .of definition of the
arc is finite.

u—pu*

Proof. Since (1, Ag) is not of type 1II, there exists B (<0, by virtue of
the hypotheses of the theorem) such that </>(p0, By = Hue g A ) Choosing B,
to be the largest value of B for which ¢(u,, B) = ¢(u0, Ap), it follows that
9dlpgs Bg)/dy = 0, and Blug, ) <lugy Ay = Plpgs By) for By <y<A,.

Now ¢lu, B )> 0 for py <p <p*, say, and Iy, B,)/dy = g(B ) +y0b(B ) +
(- ﬂo)b(B ) > 0 for > p . Thus defining B(y) to be (for to St <u*)
suply: B,<y<0 and ¢y, y) = S“P30<y<o¢(#: B)}, we have B, <B(u) <0 and
¢y, B(u))/ay 0. Clearly B(uo) =

We shall show that B(y) is nondecreasing. Let py <, <p,<p* and let
B(u) = B,. Suppose B, > B,. Then

$lu,s B,) = G(B,) + pH(B,) > G(B,) + p,H(B,) = $(u, B)),
i.e. G(B,) - G(B,) > [H(B)) ~ H(B,)]. However,
g(B,) + p,h(B,) < g(Bz) +p,h(B;) =0
and so @lu;, By) <supg s y) = $luy, By). Therefore

0<G(B,) - G(B,) < p,[HB ) - HB) < w,[H(B)) - H(B,)]

giving a contradiction. Thus B, < B,, and B(y) is nondecreasing.
Next we show that ¢(y, B(u)) is continuous in p. Let ;T p with Bly, )1
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B(u) —¢, where 0 <€ <oo, Then ¢y, B(n)) = ¢p, Blp) - € and by continuity,
we have @y, Blp) —€) > @y, y) for B(u) — e <y <0. It follows from the defini-
tion of B(u) that ¢ must be 0, and so ¢(u, B(1)) is continuous to the left. Now
let p. | p with B(#,-) LB(u) +¢ (0 < e < o). We have qS(;Ll., B([li)) — &, B(p) +e).
If € = 0, there is nothing to prove; otherwise we have ¢(u, B(p)) > &y, B(y) + ¢),
on account of the definition of B(u). It follows that for i sufficiently large,

we have ¢, Blp)) < @y, B(u). Since B, < B(w) < Blp,) <0, this clearly
contradicts the definition of B(u i)' It now follows that B(y) is also continuous
to the right and hence continuous. For p, <p <p*, we have

Blus Ag) > Sy Ag) = Blugs B) = G(B) + p H(B,)
= (6B + pHBE + [G(B,) + 1 H(BY) - (GBE) + pyHBE]
+(pg - wWH(B(w)
> G(B(W)) + pHBW) > $lys 0) = 0,

since (u, —p) and H(B(4)) are negative, and the expression in the second
square brackets is positive on account of the definition of B,.

It follows that the equation ¢(u, A) = (i, B(u)) has at least one solution
A with 0<A<KA o> in fact, exactly one, since the hypotheses of the theorem
imply that ¢(y, A) is strictly increasing for A> 0. We shall denote this solu-
tion by A(y).

Let p,<p, <p* and let A= A(;tl), B, = B(pl). Define 7, 7, by

n gy n,= max b(y).

771 = mi =
A1/25y53A1/2 Al/25y53A1/2

Let ¢ > 0 and choose §> 0 so that § <en,/29,, and @i, B)) — ¢, Blu)) <
Ve whenever |y~ | <8. Thenif |[A-A |>¢ and |p-p,| <8, we have

by A)) = Slps AW > e, - 87, > Y

however |é(u » By = @lu, Bu))| <Y4e which is a contradiction since ¢(u, Alp))
=y, B(p)), and Hlu p Ap = #u, B). It follows that A(y) is continuous for
po<p<p*. Nowlet p,<p,<p,<p* andlet A;= Alp), B,=Blp), i=1, 2.
We have

Buys By) = G(B,) + p,H(B ) < G(B,) + p H(B)) < G(B,) + p H(B)) = ¢, B,).

It follows that ¢, A) <dlp,, A)) and so 4, <A . Thus A'(y) is strictly
decreasing in p and A(y) is defined in [ o 1*). An examination of the defini-
tion of u* reveals that we require only that there exists for each 6[;10, p*,a B
with B < B <0 such that &y, B(n)) > 0. Defining p*, therefore, so that this
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interval is maximal, it follows that either p* = + oo, or u* <o and (u*, B) <0
for B; < B <0, and by continuity of ¢ and A(y), we must have ¢y, A(p)) — 0
as g — p*. The hypotheses of the theorem will then imply that lim — AQw) = 0.

This completes the proof of the theorem.

Corollary 2. The energy function ¢y, A) is decreasing along the arcs of
type 11 defined in the above theorem.

Proof. ¢(, A(W)) = ¢y, B(p). So
d(ps A()/9p = d(ps Bp)) /O = [g(B()) + ph(B(p)IB () + H(B(w))
for almost all p, since B(p) is monotone.
g(B(w) + ub(B(u) = 0 and so 9dgp(py Aw))/p = H(B(w)) < 0.

4. A converse theorem. We now consider a converse problem, namely, given
a decreasing continuous function A(p), can functions g(x), h(x), xg(x) > 0, b(x)>0
for x # 0 be found such that A(y) is the boundary of the admissible set in the
first quadrant, of x" + g(x) + uk(x) = 0?

With some additional restrictions on A(y), the next theorem shows that the
answer is yes.

Theorem 6. Let A(y) be a positive, continuously differentiable function
which is strictly decreasing for u > 0 such that lim - A(p) = + » and
lim,_, A = 0. Then there exist glx), Kx) with g(-x) = - g(x) and h(=x) =
Kx) > 0 for x # 0 such that

(©)] x" + gx) + ph(x) = 0
bas (u, A(p)) as its only boundary points of R in the interior of the first quadrant.

Proof. We wish to construct g(x) and A(x) with the above properties, such
that G(A) + pH(A) = G(B) + uH(B) and g(B) + uh(B) = 0, where B = B(p) <0. Let
there be a function g(x), and constants c, #0, C,, such that

(10) G(x) = Clq(x)g(x), Hx)=C zq(x)b(x).

Then pH(B) = uC,q(B)KB) = - C,4B)g(B) = - C,G(B)/C,. We shall arrange that

(11) pH(A) = C3G(A), for some constant C3.

From (10) and the definition of G(x), G(x) = Clq(x)G'(x). Solving gives

(12) Glx) = G(xo) exp(Cl'1 fx q(s)-l ds) .

%o

Similarly
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-1 (% -1
(13) H(x) = H(xo) exp (CzI J"‘o q(s) ds) ,
and hence
14) H(x) = C,G%(x), where C, = H(x))/Gx ), a= c,/C,.

In order for (11) to be valid we want G(4) = C; uH(A) = uC51C G A). Hence
G*1(A) = C,Cq =1 or

@s) G(A) = (CBCSI“-I)I /(a.-l)‘
Define

i C3 1/(a~1)
a0 V)= G <ch<“> '

where A~ !(x) stands for the inverse function. Then

1 [C3 \Ua- G(4)
A = — =
V4G Glx,) (c Ou) Glx )

by (15). Hence, letting G = G(xo), we define

c, \e?
G = G ( ) = -_— 9 > 0,
(17) (x) 0¢ x <C0A _l(x)> x 2
and then by (14)
C a/(a=~1)
18) H(x) = C,| —2— , x>0
CoA “x)

We extend the definition to all x by defining G(-x) = G(x) and H(-x) = - H(x).
We observe that

a9 q(x)=-f—°- (a-1)( c, (a-l)/a(_’_‘_’l(_x»j,
C; 2 \ca ) (A~

By the hypotheses on A(x), g(x) and Kx) are well defined and continuous, and
are such that xg(x) > 0, x£ 0 and Kx) > 0, x £ 0.

It remains to ensure that
(20) G(A) + pH(A) = G(B) + pH(B) and g(B) + ph(B) = 0.

The first of the equations in (20) requires that
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1/(a=1) 1/(a=1
(21) 1+cc,/cp =(1-c,/C)C,/C Cpt /=D,

the last factor on the right being obtained by combining pH(B) = - C ,6(B)/C,
with (14). Equation (21) reduces after simplification to

(22) C; /(a.-l)(1 + C3) = (1 - 1/a)1/a)t /(a.-.l)’

which is a constraint on C p Cp €y C, may be chosen arbitrarily, The second
of equations (20) is satisfied automatically.

Since, by the constructed properties of g(x) and k(x)} for y, A > 0 there can
occur boundary points only of type II, the theorem is proved.

5. Examples. We first give an example to show that the boundaries of ( can
be very complicated.

Example 1. Let C be the obvious extension to the real line of the Cantor set
(removing middle thirds) on [0, 1]. Let

0, x>0,
(23) gl)=x, hlx)= {
(plx, O -1, x<0,
where p(x, C) = inf .o|x~y|. Note 0<plx, ©) <1/6. Then
Xy x>0,
(24) glx) + phlx) =
x+uxlp-1), x<0.

If u <.i, p, >0, x#£0 and lim ___ By, x) = + o0, and g(x) + ph(x) # 0
for x # 0 and hence all solutions are periodic.

For p=1, g(x) + uh(x) =0 for x <0 and x € C. #u, x) is monotone decreas-
ing for x < 0.

For 1 <p <6/5, there will be continuous boundary curves (of types I and II for
A <0 and of type II for A > 0) emanating from the Cantor set of boundary points
for 4 =1 and they must decrease in the case A > 0 to the p-axis between 1 <p
<6/5. For p > 6/5 there are no periodic solutions.

Note that using a Cantor set of positive linear measure, it is possible to
obtain a boundary set of positive 2-dimensional measure.

Example 2. Consider the equation

n .
(25) exepY Cxtio0, x(00=4>0,x'(0)=0.

i=1

Theorem 7. Let

n

(26) Ou, A) = Z[Z ("Ci)z /(2i-1)] &y, A).

i=1
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If />0, C;20(i=2,++,n-1), C,>0, then {(u, A)| p>0, A> 0, 6y, 4)
<1/3}C Q. Further if a > 1/3, there exists (“0’ Ao) ¢ R\ such that &po, AO) =a.

We first need the following lemma,

Lemma 2. Let

n i n 2
a‘(w)=<iz=l wf/(z l)(l - ,..21 2i+lw>'

..y wn). If w;>0 and 2:"=1wi =1, then min 3(w) =1/3.

where w=(w_, w

1 Yo

Proof. If n=1, then 3(w) = w%(l -2/3) we w, =1 implies that 5’(w) =1/3.

If n= 2,wl+w2=1,then
1 2, .2/3 2 2 L 2 2/3fLl . 4 1
3(w)—§=(wl+w2 ) -3, -3, —§=[(1-w2) +wy"’] Ttsvel -3

4 1
10 -y w2y 3 - G ) -0} ]

1

152 2
1
15

1
[5w2’3 - 6w, + 4w;/3 - 3w§ + 4w;] > B[Sw”"’ -6102+ 410;/3 -3w§]

2 1
w320 - w6 - wl/? _u2/?) 4 30330 - w) N5 0
since 0< w, <1, and a(w) =0 for w, = 0. Hence the lemma is true for n= 2.

Suppose now the lemma is true for 1 <2< N. Let w;>0, i=1,+++¢, N+1,
N+1 _. =
SN w;=1. Let wy +wy,, =vy. Then

><1 2w - ——g-—w ———z'—v
S\ 3 IN-1 N-1"2N4+1'N

and
2 2/3 2/QN+1) S 2 ..., ,2N=3 _ 2/(2N=1)
wy +w, +.“+wN+l zw1+ +wN-1 +1/N
since
2/(2N-1) 2/(2N-1) 2/(2N=1) 2/(2N-1) 2/(2N+1)
wy +wyyy) Sty *Wna S¥N TN+

for OSwN«u <l1.

This is equivalent to the case n= N and hence the lemma is proved by induction,
~
since in each case 6(w) = 1/3 for w =1 and w;=0, > 1.
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Proof of Theorem 7. By [7] we know that (i, A) € R if

n
@27 x(x+pZClx2n)>o, B<x<A,

i=1

where B < 0 is given by ¢(p, B) = ¢p(u, A). From (27) we have that

3

(28) 3 wC(-BYi1 <

and also that

(29) 6(u, A) = 6(y, B).

Let w,=uCf-x)%*"1, i=1,2,+-+, n. Then

n 2 n
2/7@i-1 1 || * 1
e(u,x>=2[2. wi )'Q][T'lenl”“’i]
=

i=1

n . n Zw. ~

- [Z w?/(Zz-l)] [1 _ ¢ ] ~ 0w).
et 1§ e~ 2i+1
i=1 i=1

Further, the constraint (28) becomes, for x = B,
(30) Z w, <l.

Let 0<60,<1/3 be given. Let p>0 and A >0 be such that Ou, A) = 6o
Define I" to be the manifold

1) w, w, 1/3 w, 1/(2n-1)
3 —_— = — =eee =] — w,> 0
uC, \uC, uC, ’ i-

(eliminating those terms for which C,=0). This isa connected manifold which
intersects the origin (0 (0) 0) and the boundary E" w; = 1 (0 > 1/3). Then
by continuity, there exists w";, cee, wk oon I' such thate(w* )= = 0. Hence there
exists B <0 such that 6(y, B) = 0 with B=(- */pC)‘/(Z"'l) and B satisfy-
ing (28).

Suppose now 00 >1/3. Let (yo, Ao) € R,z, with

c2/@i-1)
A)= > 1,24\
0(#0, 0) 6, and pg 2'2?:,1 0,-1 & }
1

By the above, for all w satisfying (30),

w?/(Z i-1)
i -

(C )2/(2i-1) Cf/(Zi-l) . 300—1
ko < n i=2y00e,m

2 = 2
vy Cl“o o
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Hence §(u) < 30 w1 - 2w,/3 ~ - ~2w [2n+ 1) < 30,wA1 - 2w, /3) <6,
Hence for such p, B <0 having the required properties for periodic solutions
does not exist. This proves the theorem.

Remark 3. A similar result holds for the equation X x+ uz;.;l Cixz(i+k)= 0,
H0)=4>0, =(0)=0, 20, C;>0, C,, C,>0. Let

6, (us x) = 2 [i (;LC,.)“’/(2 ("+i)'l):|¢(#, x)e
i=1

Then the condition ¢u, A) <1/3 becomes 6,(u, A) <1 - 2/(2k + 3).

Example 3. This is a special case of Example 2.
(32) " rx+px?®=0, x(0)=4>0, £'(0)=0.
The condition 6,(y; A) <1 - 2/(2k + 3) becomes

(33) 202/ D(A2/2 4 pA? Y Qn + 1)< 1-2/Q2n+ 1),
This is satisfied if

(34) pAn <y,

n
where y  is a positive solution of

(35) y2( + 2y /Qn+ 1" 2 (@0 - 1)/ 2n + DY

Suppose now that pA2"~! =y . For a periodic solution of equation (32) to exist,
there must exist B < 0 such that

2 2 2n-1\ _ 42 2#—42"—1)
(36) B<l+2n+l“3 )—A (1+2—n:_l—’
or
2n-1 2y >2n-l
2n-1y2 2 2n-1 .2 n
(uB ) (1+'2n+1#3 ) -yﬂ<l+2n+l
37) 2 — lv)Zn-l . 2 \2n-1
“\2n+1 T\ T2+l ’
It is easily shown that the unique negative solution (up to multiplicities) of the
equation
(38) Y2+ 2y/@n + DY < (@n - 1)/@n + 1))

is y=-1. Hence pB?"=1 =1, since B< 0. Hence gB) + u#B) = B -
B2"/B*"~ 1= 0, and (i, A) is on df. This means that the curve

(39) FA2n-l =7,
is a boundary curve (of type II) for (.
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Remark 4. It can be shown that y, is strictly decreasing and that
lim ___y, =7y, where y is the unique positive root of

(40) x222x - e—2

.

To prove this, we first consider (1-2/(2n+ 1))?*~1. Let y=(1-2/(x + 2))*.
Then

y'/y = log(x/(x +2)) + 2/(x + 2) = log(1 - €) + €< 0,

where ¢ = 2/(x + 2), x> 1. Hence, since y> 0, y' <0 and y is decreasing and so
((2n - D/(2n+ 1))2"-1 is decreasing with n.

Now consider (1 + 2y, /(2n+ 1))2"~1. Let y=(1+ 8/(x + 2))*, where 8> 0.
Here

3) Sx >8 1 82 Ox

yl
Y 1ol - -= -
y °g( Tx12) 6164248 F¥2 20 22 (G+2k10+2)

) ( 1 8 x ) 2 1 x 38
= -——— 1__ - - - =
x+2 2x+2 x+06+2 Zx+2(1 2x +2) x+2) 2(x+2)2>0.

This means that (1 + 2x/(2n+ 1))2"-! is increasing with » for each fixed
positive x.
Consider now the equation

x2(1 +2x/Qn + 12" 2 (20 - 1)/ @n + 1)L,

If x=y, is a solution, then as 7 is replaced by = + 1, for fixed x, the right side
decreases and the left side increases. Clearly x must decrease then to preserve
equality and so y_ ., <y,.

Remark 5. The special case » =1 in Example 3 gives Maekawa’s result [9].
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